Starting from a Lagrangian, the electromagnetic field is quantized in the presence of a body rotating along its axis of symmetry. Response functions and fluctuation-dissipation relations are obtained. A general formula for rotational friction and power radiated by a rotating dielectric body is obtained in terms of the dyadic Green's tensor. Hamiltonian is determined and possible generalizations are discussed. As an example, the rotational friction and power radiated by a spherical dielectric in the vicinity of a semi-infinite dielectric plane is obtained and discussed in some limiting cases.
II. LAGRANGIAN
The coordinate-derivative transformations in rotating and fixed cylindrical reference systems are related by ρ = ρ, ϕ = ϕ − ω 0 t, z = z, t = t,
here prime over coordinates denotes the rotating or body frame. A moving dipole produces magnetic moment which can interact with the magnetic component of the the electromagnetic field. Taking this point into account and using the transformations (1) we can propose a Lagrangian in the fixed frame based on the Lagrangian structure in the body frame of the dielectric. Here we consider the non relativistic regime and for further convenience we assume that the dielectric is homogeneous in its rest frame. A full covariant theory including magnetic properties is also possible and may be dealt with in a separate work. Now let us consider the following Lagrangian for electromagnetic field in the presence of a dielectric rotating along its axis of symmetry namely z-axis with angular velocity ω 0
The first term is the Lagrangian of the electromagnetic field in temporal gauge (A 0 = 0). Note that in the Lab or fixed frame the electromagnetic field is a non rotating field and therefore, no modification is needed, the second term is the Lagrangian of the rotating dielectric which is modified trough the transformations (1), the third and forth terms are the interaction between the dielectric and electromagnetic field inspired from electric (−P · E) and magnetic (−M · B) dipole interactions respectively. The local velocity v = ω 0 × r is the velocity of a point with position r in the dielectric at time t which is assumed to be non relativistic i.e |v| c. Note that in the third and forth terms the components of the dielectric field X j should be written in the fixed frame which is equivalent to considering a time-dependent coupling tensor f ij (ν, t) defined by
In the body frame ω 0 = 0 and the coupling tensor is diagonal and also in this frame we assume f xx (ν) = f yy (ν).
Here we are considering homogeneous matter so the coupling tensor inside the matter is position independent and it is identically zero outside.
III. QUANTIZATION AND EQUATIONS OF MOTION
From Lagrangian (2) we find the corresponding conjugate momenta of the fields as
where we have defined the polarization component P i (r, t) = 0 ∞ 0 dνf ij (ν, t) X j (r, t, ν) and D is the displacement vector. The system is quantized by imposing equal-time commutation relations
Now from Euler-Lagrange equations we find the equations of motion for the electromagnetic and matter fields respectively as
and the homogeneous solution X N i,m , interpreted as a noise field, is
Now from (11) the noise field component X N i can be expanded in terms of the ladder operators in the body frame as
and from canonical quantization rules (7) we find
The Hamiltonian corresponding to to the noise field X N in the body frame is the thermal bath defined by
where in the last equality we have defined the normalized ladder operatorsb j,n (b † j,n ) = 2ν â j,n (â † j,n ) to resemble a continuum of independent quantum harmonic oscillators. From equilibrium quantum statistical mechanics we have
where
is the thermal mean number of photons and we have switched to the non-normalized operators. From (13) and definition of the polarization we have
where P N k,m are the fluctuating or noise polarization components defined by
If we define the following response function
then using (3) we can easily find
with the following Fourier transforms
where ω ± = ω ± ω 0 . One can easily show that the response functions in the body frame denoted by χ 0 kj (ω) are given by
and this recent relation leads to
Now using (25) one can find the relations between the response functions in body and Lab frames as
Also from (21,25) we find
or in compact form
From (29,30) we finally find [28] ∇×∇× − ω
The presence of operators D,D in (31) makes it a complicated equation. For small velocity regime (v/c 1) we can set approximately D,D ≈ 1 and in this case the corresponding dyadic Green's function may be obtained exactly otherwise a perturbative expansion of the dyadic Green's function may be useful [31] . In high velocity regime numerical calculations may be applied.
IV. FLUCTUATION-DISSIPATION RELATIONS
From the definition of polarization and (15) we have
with Fourier transform
If the dielectric is held in temperature T , then from (20, 33) we find the following fluctuation-dissipation relations
where Γ ij is defined by
and
. Using (33) one can rewrite (32) as
From canonical conjugate momenta defined in (4,5) we find the following Hamiltonian for the total system
where V is the volume of the dielectric. In Hamiltonian (37) the first three terms are describing the electromagnetic field quantization in the presence of a non rotating dielectric i.e., ω 0 = 0 and the last two terms are the modifications caused from rotation. The total interaction between electromagnetic field and the rotating body is
The rate of work done on the differential volume dr in the dielectric by the electromagnetic field is j · (E + v × B) dr, where j is the current density in matter which from (8) is j = ∂ t P − ∇×(v × P), therefore the power can be written as
where | = |vacuum T0 ⊗ |matter T is the tensor product of initial thermal states of the electromagnetic and matter fields which are supposed to be held at temperatures T 0 and T respectively. The expression for radiated power can be simplified for small bodies or small velocities where we can ignore terms containing the velocity v and rewrite (39) as
For point like particles we have D,D ≈ 1 and from (30,31) we find
If we take the inverse Fourier transform of the second parts of the equations (41) and denote them respectively by E ind and P ind as in [27] , then
This recent relation applied in [27] to find the radiated power from a rotating spherical particle and then the authors reobtained the same results from quantum mechanical considerations. For an extended object, the situation is much more complicated. In this case we need the dyadic Green's function and also we should keep all terms in (39). One can follow a perturbative approach based on the interaction term given in (38) and Dyson-Schwinger formula for Green's function expansion from which for example the radiative process can be determined using Fermi's golden rule. For an extended body with azimuthal symmetry and small angular velocity from (40) we have
using (30,31) we find Now using (34) and
we find the following general formula in terms of the dyadic Green's tensor
wherel z = −i∂ ϕ , and we have used the symmetry properties of tensors G ij (r, r , ω) and Γ ij (ω, −i∂ ϕ ). For a small rotating body using Im α ij (ω) = V Im χ 0 ij (ω), (46) can be rewritten as
where by G ii (ω) we mean G ii (r 0 , r 0 , ω) and r 0 is the position of the point-like spinning body.
Example 1.
As an example let us consider a small rotating dielectric with the susceptibility χ(ω) and angular velocity ω 0 in the vicinity of a semi-infinite dielectric with dielectric function
see Fig.1 . A related problem with the same geometry has been investigated in [32] . The diadic Green's function for this geometry has been calculated in detail in [33] . The necessary components are given by
2 . An interesting limiting case is when ε(ω) → ∞ for z < 0, i.e., the semi-infinite space is an ideal conductor. In this case, we can easily find the imaginary parts of g xx (k , ω|z, z ), g yy (k , ω|z, z ) and g zz (k , ω|z, z ) for r → r , as
The dielectric function of metals can be described approximately by Drude model in term of the dc conductivity σ 0 as
and using the small radius expansion of the Mie scattering coefficient (a/λ 1), we find
where a is the radius of the rotating sphere. In Fig.2 , the radiated power is depicted in terms of the distance from the surface of an ideal metal for a gold nano-particle which tends to the result reported in [27] in z → ∞ as expected. We can also plot the power spectrum of the rotating particle showing the probability of emitting photons at a specific frequency ω and compare the results for the case of semi-infinite space and vacuum. Power spectrum contains thermal photons and photons created from rotational motion. In Fig.3 , the power spectrums are compared when the thermal photons are extremely more than the photons created from rotational motion of the sphere. In Fig.4 , conditions are taken to reduce the thermal photons and increase the photons created from rotational motion.
VI. FRICTIONAL TORQUE
The torque produced by an electric field E on a dipole P is given by P × E. The torque experienced by the particle along the rotation axisẑ is
(54)
FIG. 2: (Color online)
The radiation power for a gold nano-particle with a = 10nm and (σ0 ≈ 1.6 × 10 7 Ω 1 m −1 ). The temperatures of the particle and its medium are assumed to be 10 Kelvin and 1 kelvin respectively. The solid line is the radiated power in the presence of a semi-infinite space and the dashed line in vacuum i.e., the result reported in [27] .
By separating the two contributions we can rewrite this recent relation as
The first term accounts for the fluctuations of the particle dipole moment that correlates with the resulting induced field, while the second one involves field fluctuations and the dipole that they have induced. therefore,
and using (41) we find
Now using (3, 30) , the dipole densities in laboratory-frame P can be written in terms of the dipole densities in the body frame P . For example for the x-component we find radiated by a spinning particle at T = 0 and T0 = 0.1K, where θ = K B T . The solid lines in both figures (a) and (b) represent the power spectrum in the presence of semi-infinite medium and the dashed lines represent the power spectrum in empty space. As we saw in figure(2) , the radiation power of the spinning particle in a semi-infinite space oscillates around its value in vacuum as z increases. Figs.3.(a,b) After some simple algebra and using Fourier transform, it can be easily shown that the dipole moment components in Lab and body frames are related as
The expression for rotational torque can be simplified for small rotating bodies
using (35,36) we find
in a similar way
therefore,
which coincides with the result obtained in [27] for a small spherical body.
VII. CONCLUSIONS
Starting from a Lagrangian, the electromagnetic field was quantized in the presence of a body rotating along its axis of symmetry. Response functions, fluctuation-dissipation relations and their connections in body and Lab frames were obtained. A general formula for rotational friction and power radiated by a rotating dielectric body was obtained in terms of the dyadic Green's tensor of the problem. Hamiltonian was determined and possible generalizations were discussed. The case of a small rotating sphere in the vicinity of a semi-infinite space was considered and the rotational friction, radiation power and power spectrum of the rotating sphere were plotted and results compared with those obtained in empty space. The radiation power in semi-infinite space oscillates around the value in vacuum as a result of Interference between the emitted and reflected photons from the surface of the metal.
Appendix A: Electromagnetic field quantization in a static magnetodielectric medium According to Huttner-Barnett model [2] , electromagnetic field quantization in the presence of a linear dielectric and in the absence of external charge and currents can be achieved by considering the total Lagrangian density as
where the first term is the Lagrangian density of the electromagnetic field, the second therm describes the reservoir or dielectric described by a continuum of harmonic oscillators, the third term is the lagrangian density for the polarization of the medium and the last term describes the interaction between polarization of the medium with electromagnetic field and reservoir respectively. Note that in this model we have to introduce two matter fields to model the polarization and dissipative effects and if we want to include the magnetic properties of the medium we have to introduce two other independent fields which is a generalization of the Huttner-Barnett model introduced in [12] . Equivalently, we can also quantize the electromagnetic field in a linear medium using only two independent fields describing the electric and magnetic properties of the medium. Here we follow the latter approach [34] and for simplicity we assume the medium to be isotropic and homogeneous in region Ω occupied by matter. The Lagrangian density for the total system in temporal gauge (A 0 = 0) is given by,
From this Lagrangian density the electric polarization (P) and magnetic polarization (M) densities are defined by
The conjugate momenta are also defined by Π(r, t) = ∂L ∂(∂ t A) = 0 (∂ t A) − P = −D,
where D is the displacement field. Now the total system can be quantized by imposing equal-time commutation relations
[A i (r, t), Π j (r , t)] = i δ ij δ(r − r ), (A8) [X ν,i (r, t, ν), Q ν ,j (r , t, ν )] = i δ ij δ(r − r )δ(ν − ν ), (A9) [Y ν,i (r, t, ν), S ν ,j (r , t, ν )] = i δ ij δ(r − r )δ(ν − ν ).
From Lagrangian density (2) we have
From equations (5-7) and (11) (12) (13) and Euler-Lagrange equations we find the following equations of motion for the electromagnetic and material fields 1 c 2 ∂ t 2 A + ∇×∇×A = µ 0 (∂ t P + ∇×M),
In frequency space Eqs. (15, 16) can be solved easily as
where X N ν and Y N ν are homogeneous or noise solutions in frequency space and from them the noise or fluctuating polarization densities can be determined using Eqs. (3, 4) . Therefore, P(r, ω) = P N (r, ω) + 
